In this paper, we study the existence of solutions of a class of higher-order integro-differential boundary value problems with φ-Laplacian like operator and functional boundary conditions. By giving the definition of a pair of coupled lower and upper solutions and some new hypotheses, we obtain some new existence results for boundary value problems with φ-Laplacian like operator by employing the Schauder fixed point theorem and an appropriate Nagumo condition. Finally, an example is given to illustrate the results. MSC: 39K10; 34B15
Introduction
Integro-differential equations have become more and more important in some mathematical models of real phenomena, especially in control, biological, medical, and informational models. Boundary value problems (BVPs) for nonlinear integro-differential equations are used to describe a great number of nonlinear phenomena in science (see [, ] ), moreover, the theory of φ-Laplacian BVPs has emerged as an important area in recent years (see [-] ). In this paper, we will consider the following BVPs of higher-order functional integro-differential φ-Laplacian like equations with functional boundary conditions:
φ u (n-) (t) + Au(t) = , t ∈ J , (.) g i (u, W  u, S  u, . . . , u (n-) , W n- u (n-) , S n- u (n-) , u (i) ()) = , i = , . . . , n -, g n- (u, W  u, S  u, . . . , u (n-) , W n- u (n-) , S n- u (n-) , u (n-) (T)) = , (.)
where n ≥  is an integer, φ is an increasing homeomorphism operator,
Au(t) = f t, u(t), u α  (t) , W  u(t), S  u(t), u (t)
, u α  (t) , W  u (t), S  u (t), . . . , u (n-) (t), u (n-) α n- (t) , W n- u (n-) (t), S n- u (n-) (t) , ©2014 Guo et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2014/1/285
ous functions, and for l = , , . . . , n -,
, and f : J × R n → R is a Carathéodory function, that is:
We say u(t) is a solution of BVP (.) and (
is absolutely continuous on J , u(t) satisfies (.) a.e. on J , and u(t) satisfies boundary condition (.).
As we know, higher-order boundary value problems for differential equations have received great attention in recent years (see [-]). We found that BVP (.) and (.) is more general in the literature, and the functional boundary condition (.) may not only cover many classical boundary conditions, such as various linear two-point, multi-point studied by many authors, but it may also include many new boundary conditions not studied so far in the literature. In recent years, BVPs with linear and nonlinear boundary conditions have been extensively investigated by numerous researchers. For a small sample of such work, we refer the reader to [-]. As is well known, a variety of methods and tools, such as lower and upper solution methods and various fixed point theorems, are very useful and have been successfully used to prove the existence of solutions of BVPs.
Motivated by the above mentioned works, we consider the BVPs of higher-order functional integro-differential equations (.) and (.) with φ-Laplacian like operator and functional boundary conditions in this paper. As we know, BVP (.) and (.) has not yet been considered. By introducing a definition for the coupled lower and upper solutions of BVP (.) and (.), we obtain the existence of solutions of the problem based on the assumption that there exists a pair of coupled lower and upper solutions. This paper is organized as follows. In Section , we state some preliminaries and lemmas which will be used throughout this paper. In Section , some results concerning coupled lower and upper solutions are given. Finally, an example is given to illustrate our results in Section .
Preliminaries
Throughout this paper, let 
A similar definition holds for y to be non-increasing.
We say that f satisfies the Nagumo condition with respect to v and w if for
there exists a constant C = C(v, w) with
Then f satisfies the Nagumo condition with respect to v and w with ψ(x) =  + |x| σ . http://www.advancesindifferenceequations.com/content/2014/1/285 Definition . Let C be the constant introduced in Definition .. Assume that there exist v, w ∈ E satisfying (.), φ(v (n-) ) and φ(w (n-) ) are absolutely continuous on J . Then v and w are said to be a pair of coupled lower and upper solutions of BVP (.) and (.) if
For convenience, we first list the following hypotheses: (H) φ(x) is increasing on R; (H) BVP (.) and (.) has a pair of coupled lower and upper solutions v and w satisfying (.); (H) the functional f satisfies the Nagumo condition with respect to v and w;
and f (t, x  , x  , . . . , x n- ) is nondecreasing in the arguments x n- , x n- , x n- , 
We assume that conditions (H)-(H) hold throughout this paper. For u ∈ C n- [, T]
and i = , , . . . , n -, we definē
then, for i = , , . . . , n -,ū (i) (t) is continuous on J, and
for t ∈ J and i = , , . . . , n -. Let C = C(v, w) be the constant introduced in Definition ., and define
and a functional F :
where
Then, in view of (H) and (.), we find that ϕ : R → R is increasing and continuous (hence ϕ - exists), and
What is more, for u ∈ E and t ∈ J , F(t, u(·)) is continuous in u, and we can see that
Now, we consider the BVP consisting of the equation
and the boundary condition
(.) http://www.advancesindifferenceequations.com/content/2014/1/285
Then the equation
has a unique solution.
Proof We first note that L(·; u) is continuous and increasing on R. From (.), we have
Then, from the fact that L(·; u) is continuous and increasing on R, a standard argument shows that there exists a unique solution of (.).
Lemma . For u ∈ E, let
P n u(t) = ϕ - x u - t 
F s, u(·) ds with x u being the unique solution of (.) and F(s, u(·)) be defined by (.). Then u(t) is a solution of BVP (.) and (.) if and only if u(t) is a solution of the following equation:
where we take   = .
Proof This can be verified by direct computations, so we omit it.
Main results
In this section, we will state and prove our existence results for BVP (.) and (.). http://www.advancesindifferenceequations.com/content/2014/1/285
Theorem . Assume the hypotheses (H)-(H) hold. Then BVP (.) and (.) has at least one solution u(t) satisfying
where C is the constant introduced in Definition ..
To prove Theorem ., firstly, we want to show the following theorems.
Theorem . There exists at least one solution for BVP (.) and (.).
Proof By Lemma ., for any u ∈ E, define an operator H : E → E by
Then we can see that u(t) is a solution of BVP (.) and (.) if and only if u(t) is a fixed point of H.
For f is a Carathéodory function, then it is easy to see lim k→∞ F(t, u k (·)) = F(t, u  (·)). By the Lebesgue dominated convergence theorem,
where L is given by (.). In view of (.), there exists r ∈ L  (, T) such that
From (.), (.), (.) and the continuity of g n- and g n- , we see that g u k is bounded and lim k→∞ g u k = g u  . Thus, {x k } is bounded. If {x k } is not convergent, then there exist two convergent subsequences {x i k } and {x j k } such that lim k→∞ x i k = a  , lim k→∞ x j k = a  . Then, by the continuity of ϕ - and the Lebesgue dominated convergence theorem again, we have
Thus, L(x  ; u  ) =  and lim k→∞ (P n u k )(t) = (P n u  )(t). As a consequence, http://www.advancesindifferenceequations.com/content/2014/1/285
we also have
Thus Hu k -Hu  →  as k → ∞. This shows that H : E → E is continuous. From (.) and the fact that g u is bounded for u ∈ E, this means that H is uniformly bounded on E, and (Hu) (j) (t) is equicontinuous on J for j = , , . . . , n -. Now, we show that (Hu) (n-) (t) is equicontinuous on J. From the definition of H and P n u(t), we have
Thus, the equicontinuity of (Hu) (n-) (t) follows from the property of absolute of integrals.
By the Arzela-Ascoli theorem, we see that H(E) is compact. From the Schauder fixed point theorem, H has at least one fixed point u ∈ E, which is a solution of BVP (.) and (.).
We complete the proof.
Theorem . If u(t) is a solution of BVP (.) and (.), then u(t) satisfies (.).
Proof We first show that v (n-) (t) ≤ u (n-) (t) on J. To the contrary, suppose that there exists t * ∈ J such that v (n-) (t * ) > u (n-) (t * ). If t * = , then u (n-) () < v 
